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0. INTR~DUC~~N 
Let G be a finite group and Z[G] the integral group ring of G. For certain 
topological and algebraic problems it would be useful to approximate a Z[G] 
module by a finite projective resolution. However, since a Z-free Z[G] 
module M has finite projective dimension if and only if M is projective, this 
technique fails. In this paper we develop homological algebra for f.g. Z[G] 
modules using summands of Eg. permutation modules (hereafter eferred to a 
gi modules) in place of summands of free modules. 
The 59i dimension of a module is more useful than the projective 
dimension. We prove, for example, that every f.g. module over a cyclic group 
has 5Y1 dimension one, and that q, global dimension one characterizes cyclic 
groups among the nilpotent groups. The @i modules that we use are in fact 
sums of projective modules over quotient groups of G. In addition we prove 
that a Z-free f.g. module M over a cyclic group is @i if and only if H’ 
cohomologically trivial (as opposed to H’ and HZ triviality for projectivity.) 
In a subsequent paper we will use finite g, dimension to show that a 
generalized Cartan map is an isomorphism. The proof is similar to the proof 
that the Cartan map K,(R) + G,(R) is an isomorphism when all R modules 
have finite projective dimension. This results in a different interpretation of 
G,(Z[G]) and some simplification in the problem of calculating G,. 
1. PRELIMINARY DEFINITIONS AND NOTATION 
DEFINITION 1.1. A Z[G] module M is a permutation module if M is free 
abelian and has a Z-basis permuted by G. 
Note that the permutation modules are sums of modules of the form 
Z[G/H], where H is a subgroup of G and G acts by permuting cosets. 
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Throughout this paper we will use the classes of modules go’,, @i and VI 
defined as follows: 
DEFINITION 1.2. (a) M is a g0 module if M = P, 0 ... @ P, , where Pi 
is a summand of ZIG/Hilk for some Hi c G. 
(b) M is a 5Yr module if M is a summand of a permutation module. 
(c) M is a gZ module if M is Z-free f.g. and H,(H; M) = 0 for all 
subgroups H c G. 
Remark 1.3. If G is abelian, the SS$ modules are sums of projective 
modules over various quotient groups of G. 
These classes of modules are related as follows: 
Proof. The first inclusion is obvious from the definition. 
If M is SYi, M is a summand of some permutation module P and 
H’(H; M) c H’(H; P) for all H c G. Therefore it suffices to show that 
H’(H; P) = 0 for all permutation modues P. As a Z[H] module, P is also a 
permutation module, and is thus a sum of modules of the form Z[H/K]. 
Since H’(H; Z[H/K]) = H’(K; Z) = 0, we have H’(H; P) = 0 and @r c gZ. 
2. H" EXACT SEQUENCES AND THE RELATIONSHIP BETWEEN u?, AND SF2 
In the next section we will consider resolutions of modules by V0 and $Y1 
modules. In order to obtain the properties that hold for projective 
resolutions, we need a stronger form of exactness. 
DEFINITION 2.1. Given H c G and a Z[G] module M we let MM 
= {x E M 1 hx = x for all h E H}. 
Note that MH = Horn .&WVHl, M) = HoWi W. 
DEFINITION 2.2. (a) An exact sequence 0 + A -+ B + C -+ 0 is Ho exact 
if O-+,4H+BH_tCH+0 is exact for all HcG. 
(b) An exact sequence . .. + C, +‘” C,- I -+ ..a is lP’ exact if 0 + 
Kern(s,) --+ C, -+ Im(s,) -+ 0 is EP’ exact for all n. 
Remark 2.3. From the long exact cohomology sequence it follows that 
0 --t A -+e B + C -+ 0 is P-exact o H’(H; A) *a* H’(H, B) is injective for all 
HcG. 
The following theorem characterizes qZ modules using Ho exactness: 
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THEOREM 2.4. Let M be a Z-free fg. Z[G] module. The following 
conditions are equivalent: 
(a) M is a @z module. 
(b) Ext&,l (P; M) = 0 for all P in q. 
(c) Every exact sequence 0 + M + N + P + 0 with P in @, splits. 
(d) All exact sequences 0 -+ M --) N + L -+ 0 are fl exact. 
Proof First of all note that H’(H; M) = Ext&&Z[G/H], M) and that 
ExthtGl(P; M) is a subgroup of a sum of these groups whenever P is g,. 
From these remarks it follows that (a), (b) and (c) are all equivalent. 
(a)*(d). If O+M-+N+L+O is exact, O+M*-+NH+LH-+ 
H’(H, M) is exact. Therefore, if #(Z-Z; M) = 0 for all H c G, 0 -+ M-t N -+ 
L + 0 is Ho exact. 
(d) + (a). Choose an exact sequence 0 +M+ N-t L + 0 with N f.g. 
Z[G] free. Assuming (d), the sequence is JY” exact and 
H’(H; M) c H’(H; N) by Remark 2.3. Since N is projective H’(H; M) = 0 
for all H c G, and by definition M is 9,. 
Remark 2.5. It is easy to show that M is @*u H’(H; M) = 0 for all p- 
groups H c G. From this it follows that in parts (b) or (c) we need only 
consider ei modules which are summands of sums of Z[G/H]‘s with H a p- 
group. 
In the following theorem we use the dual of a module M defined by 
M* = Hom,(M, Z) with G acting by (d)(x) = f( g-*x). If M is f.g. Z-free 
then fixing a Z-basis for M, each automorphism g of M is represented by an 
integral matrix which we denote by g. It is easy to see that M* is M as an 
abelian group with G acting by (g, x) -+ (g-l)’ . x, where t denotes 
transpose. If M is a permutation module then there is a Z-basis for M so that 
(E-‘)~= gfor allgEG.Thusth e ua o a permutation module is again a d 1 f 
permutation module, and the dual of a q module is again a q module for 
i=O or 1. 
THEOREM 2.6. For a given group G, g, = gz if and only iffor everyfg. 
Z [G] module M, there is an exact sequence 0 -t P + Q + M + 0 with P and 
Q @, modules. 
Proof z- : By Theorem 3.4 of the next section there is an H” exact 
sequence 0 + P-+ Q + M-+ 0 with Q a g, module. By (2.3), 
H’(H, P) c H’(H, Q) for all H c G, and therefore P is a gz = e, module. 
+: Let M be a Vz module, and O-+P+Q-M*-+O exact with P 
and Q g, modules. Taking duals we obtain an exact sequence 
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0 -+ A4 -+ Q* + P* + 0 with Q* and P* g, modules. Since M is a g1 module, 
the sequence splits by Theorem 2.4(c) and therefore M is a Fi module. 
The next result is the first half of a theorem characterizing groups for 
which 5F, = %7*. In Section 4 we will prove the converse. 
THEOREM 2.1. Let G be a nilpotent group. If W, = gz for G modules, 
then G is cyclic. 
Remark. The proof follows the argument of Endo and Miyata in [4]. 
Proof. Let I(G) denote the augmentation ideal of Z[G]. Since g, = P*;, 
there is an exact sequence 0 + P + Q + I(G) + 0 with P and Q wlmodules. 
Using the long exact cohomology sequence and Q a gz module we have 
H’(H, 1(G)) c H2(H, P) for all subgroups H c G. Choose P so that P 0 P’ 
is a permutation module. Then for each H c G, P @ P’ = @,Z[H/K,]” as 
Zl H] modules, and H2(H, P) c H’(H; P 0 P’) = oi H2(K,; Z)ri. We now 
have for each H c G H’(H; I(G)) c ei H’(Ki, Z)r’ for some subgroups 
K,cH. 
Now consider the exact sequence 0 -+ Z(G) --) Z[G] + Z-t 0. Since Z[G] is 
free as a Z[H] module, Schanuel’s Lemma implies I(G) 0 Z[H] N 
H’(H; I(H)) = Z,,, , and there is an element of order 1 HI in some 
oi H2(Ki ; Z)ri for each H c G. Let H be a p-Sylow subgroup of G. We then 
have an element of order 1 H 1 in some oi H’(K,; Z)Q, where Ki c H. Since 
the Ki are p-groups, the only way this can happen is if some Ki = H and 
H’(H; Z) has an element of order 1 HI. Thus H is a p-group of period two 
and is cyclic (see [3]). Therefore ach p-Sylow subgroup of G is cyclic, and 
since G is nilpotent this implies G is cyclic. 
3. HOMOLOGICAL ALGEBRA BASED ON PERMUTATION MODULES 
In this section we consider Ho exact resolutions ofmodules by %YO or 5F1 
modules, and prove the standard theorems of homological algebra. We start 
with a lifting theorem: 
THEOREM 3.1. If O+A-+B+4C-+0 is @ exact, and M is a g, 
module, then any homomorphism f: M-t C lifts to B. 
Proof: Case I: M = Z[G/H] for some H c G. Let e, g,(e) .a. g,,,(e) be a 
Z-basis for A4 permuted by G with e fixed by H. Given f: M + C, f(e) E CH 
and there is a b E P, with P(b) = f(e) by @ exactness. Define v/: M+ B as 
an abelian group homomorphism by W(g,(e)) = g, . b. v/ is then a Z[G] 
homomorphism and ,&+Y = J: 
Case II. M is a permutation module. Since M is a sum of modules as 
in Case I, the proof follows easily from Case I. 
254 JAMES E. ARNOLD,JR. 
Case III: A4 an arbitrary %‘i module. Choose N so that M @ N is a 
permutation module, and detine7: M @ N --+ C by T(x, y) = f(x). By Case II 
there is a lifting I$M @ N -+ Boff; and therefore I&) = p(x, 0) defines a lift 
OfJ: 
The following two theorems are proven exactly as in the projective case, 
using Theorem 3.1 in place of projectivity. 
THEOREM 3.2. Let . . . +C,-+C,-,+...C,+B+O be an IP’ exact 
sequence, and . . . +P,--+P,-,+ . . . -+ P, -+ A -+ 0 an exact sequence with Pi 
a @, module for all i. Then for any homomorphism f: A -+ B, there is a chain 
map F* : P, + C* over J; and any two such chain maps are homotopic. 
THEOREM 3.3. Let O+C,+,+C,+... -+C,+B-+O be an Ho exact 
sequence, and 0 + K + P, + . . . -+ P, + A -+ 0 an exact sequence with the Pi 
kYI modules for all i. Then for any homomorphism f: A + B, there is a ‘chain 
map F, : P* -+ Cy, over f, and any two such chain maps are homotopic. 
In the next theorem we construct g0 resolutions. The uniqueness of V0 and 
%?i resolutions then follows from Theorem 3.2. 
THEOREM 3.4, Let A be afg. Z[G] module. There are q @-resolutions 
of A, i = 0, 1, and any two such resolutions are chain equivalent. 
Proof: We prove that for any f.g. Z[G] module A, there is a g0 module 
M and a homomorphism E: M + A with &(MH) = An for all H c G. From 
this it is clear how to construct q0 P’-resolutions inductively. 
Given H c G, let a,,..., a be Z-generators for AH, and choose 
e, E Z[G/H]” i= l,..., n so that e, is part of a Z basis permuted by G in the 
ith copy of Z[G/fI], and e, is fixed by H. Define eH : Z[ G/H]” + A by 
sending e, to ai and extending as in Theorem 3.1. Summing the 
cH: Z[G/H]” + A over all subgroups of G, we obtain E: M-, A with 
e(MH) = An, and we have the theorem. 
From this theorem it follows that we can define functors T”(A; M) by 
taking cohomology of a Pi @-resolution of A with coefficients in M. We 
will not examine these functors further here except to note that Theorem 3.7 
there are long exact sequences associated with each IP exact sequence 
0 --t A + B --) C -+ 0, and that we can define the gr dimension of a module as 
in the projective case by the vanishing of these functors. 
The following theorem allows us to define 59i dimension in terms of the 
first g1 kernel in an @ 59.resolution. 
THEOREM 3.5. If O-tK+P,+.-. -+P,+A+O and O-K’-+ 
P:,’ . . . + Pb + A + 0 are @-resolutions with Pi, Pi g, modules, then K is 
%?, u K’ is g, . 
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Proof. The chain complexes 0 + K -+ P, -+ . . . + P, -+ 0 and 0 + K’ -+ 
p:,+ . . . + Pb -+ 0 are chain equivalent by Theorem 3.3. Therefore by the 
generalized version of Schanuel’s Lemma in ill, 
(0 P,i) 0 (0 P;i+ ,) 0 K’ z (0 Pi,) @ (0 P,i+l) @ K if n is even and 
(0 Pzi) @ K @ (0 P&+ 1) ru (0 Pii) @ K’ @ (0 Pzi+ 1) if n is odd. Since the 
Pi and Pi are all g, modules, it follows that K is @, if and only if K’ is gr. 
DEFINITION 3.6. A f.g. Z[ G] module A has q dimension < n, i = 0 or 1 
if A has a 5Fi Ho-resolution with P, = 0 for k > n. The least such integer n 
will be called the q dimension of A. 
It follows from Theorem 3.5 that A has g1 dimension < n if and only if for 
every O+K-+P,_,-+... +Po+A+OHoexact,Pia~,moduleO<i<n 
implies K is also a Er module. The next theorem is used for calculating the 
q dimension of a module. 
THEOREM 3.1. Let 0 -+ A, -a A, 2 A, + 0 be Ho exact, and Pi, Pi If’ 
q. resolutions of A, and A, respectively i= 0 or 1. Then there is a q p 
resolution Pi of A, and chain maps E, p so that 0 -+ Pi +‘P$ -+‘+ Pi -+ 0 
is exact, and E, p are maps over a and p, respectively. 
Proof. If 0 + Pi + Pi -+ P3, + 0 is exact, then by Theorem 2.4(c) 
Pi = Pi 0 Pi. Therefore we take this as the definition of Pi and need only 
construct the differential operator and chain maps 13 and /3. The construction 
follows exactly as in [3, Chapter V, Proposition (2.2)], where we use H“ 
exactness and Theorem 3.1 (in place of projectivity) to define the necessary 
homomorphisms. It remains to prove that Pi is an @ resolution of A,. Let 
pi i = 1, 2, 3, denote the augmented chain complexes with p-r = Ai. Then 
0 -+ Fi -+ pn + p”, --) 0 is Ho exact for all it > -1, therefore for each H c G 
we have an exact sequence of chain complexes: 
0-r (F;)“+ (P*))H+ (Fq”_tO. 
(G 1” and (p*))H are acyclic by the hypothesis of the theorem, therefore 
(p*)” is acyclic for all H c G and Pi is an Ho resolution of A,. 
The next corollary follows from the definition of Pi in the preceding 
theorem. 
COROLLARY 3.8. If O+A,+A,-+A,+O is Ho exact then 
q dim(A,) < n and q dim(A,) < n + q dim(A,) < n, i = 0 or 1. 
4. THE DIMENSION OF MODULES OVER CYCLIC GROUPS 
In this section we apply the machinery developed in the first hree sections 
to modules over cyclic groups. We prove that any f.g. module over a cyclic 
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group has g, dimension <l. As a consequence we have the converse of 
Theorem 2.7, and that a Z-free f.g. module M over a cyclic group is a 
summand of a f.g. permutation module if and only if H’(H; M) = 0 for all 
Hc G. 
Let Z, denote the cyclic group of order n with generator t, and Z[l;,] the 
ring of k-cyclotomic integers, where C& is a primitive kth root of unity. Thus 
-q-q] = .qt]/(t” - I), and Z([,] = Z[t]/($,(t)), where $k(f) denotes the kth 
cyclotomic polynomial. 
The following theorem is the start of an inductive process for computing 
the q0 dimension of Z[Z,] modules. 
THEOREM 4.1. Let M be a jig. Z-j?ee Z[(i,] module k j n. Then gO- 
dim(M) = 1 as a Z[Z,] module. 
Proof: First of all note that the projection Z[Z,] -+ Z[[,] factors through 
Z[Z,]. If go-dim(M) = 1 as a Z[Z,] module, we have an exact sequence 
0 + P -+ Q + M -+ 0, where P and Q are q0 Z[Z,] modules. Thus P and Q 
are also q0 Z[Z,] modules, and the sequence is Ho exact since P is gO. 
Therefore, it suffices to prove that go-dim(M) = 1 as a Z[Z,] module. 
Now consider Z[t;,] as a Z[Z,] module. If we let vk(f) = tk - l/$&(f), 
(Z[Z,]@k)* E w,(Z[Z,]*) by Lemma 5.1 of [5]. In addition by Lemma 5 of 
[6], Z[c,] = Z[Zk]/(fik) N Z[Zk]@k. Using these two isomorphisms we obtain 
the following isomorphism: 
z[t;,]* = (z[z,lmk)* = w,(z[z,]>* = Wk ’ z[z,] = z[z,]“” = z[t;,]* 
By Proposition 2.3 of [5] there is an exact sequence 0 -+ Z[t;,] + S, -+ S, -+ 0 
with S, and S, f.g. permutation modules. Dualizing we obtain an exact 
sequence 0 -+ S,* + ST + Z[[,]* + 0. Therefore since ST = Si and 
Z[[,]* N Z[(,], kY,,-dim(Z[C,]) = 1. In addition, note that 0 + ($k(t)) + 
Z[Z,] -+ Z[(,] + 0 is Ho exact since Z[t;,] is an integral domain. Therefore 
s, @ 6$k@)) = z[zkl @ h (4.2) 
by Schanuel’s Lemma, and (tik(f)) = ZIZklik = Z[Zk]/(vk(t)) is a 6 module. 
Now consider the following fibered product diagram: 
‘[‘,I - z[ckl 
where R = Z[Z,]/(w,) + (6,). Given an ideal d in Z[l;,], 
R %tkl rFB = d/wk&’ 1: R. Therefore we can apply Milnor’s construction 
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as in Lemma 4.5 of [2], and obtain an exact sequence 0 + K + P -+ &’ -+ 0 
with P a projective Z[Z,] module, and K 1: Kern(a) N Z[Z,]/(yk). Adding 
S, to K and to P and using (4.2) we obtain an exact sequence. 
o~z[z,]@S,+P@S,-r~+o. (4.3) 
Since Z[Z,] @ S, is a G$ module, (4.3) is H” exact and go-dim(d) = 1. 
Finally, since every Z-free f.g. Z[[,] module is a sum of ideals of Z[[,], we 
have the theorem. 
The next lemma characterizes Z[[,] modules in terms of the elements 
fixed by the subgroups (t”) c Z,. 
LEMMA 4.3. For a$g. Z-free Z[Z,] module, the following conditions are 
equivalent: 
(a) MC’*) = 0 for all m 1 n m # n. 
(b) MttWP) = 0 for all primes p 1 n. 
(c) M is a Z[t;,] module. 
ProoJ (a) =S (b): For any m 1 n, m # n, there is some primep 1 n so that 
m ) n/p. Therefore MCtm) c M”““’ = 0. 
(b) =s- (c): Let n = p:‘p;’ . -. p?, and mi = n/p,. Then t” - 1 = 
(t”’ - l)f,,(t), where f,,(t) = 1 + Pi + -. - (tmt)Piel. For any x E M, 0 = 
(t” - 1)x = (tmi - 1) f,,(x) . x, therefore Mtmi) = 0 implies f,,(t) .M = 0 for 
each m,. Now since f,!(t) = &m,dpi d Q (t), the greatest common divisor of 
If,,(t)1 is4,(th and it follows that there are integral polynomials g,(t) so 
that CfEl g,(t) fmi(t) = r - 4,(t) f or some 0 # r E Z. Therefore r . 4,(t) 
annihilates M, and since M is Z torsion free, #,(t)M = 0. 
(c) z- (a): Z[t;,] is an integral domain, and if M is a f.g. Z torsion free 
Z[[,] module, M is projective. Therefore Mtrn) = 0 for all m 1 n, m # n. 
The following lemma is useful in showing that certain sequences are @ 
exact. 
LEMMA 4.4. If r, s are relatively prime positive integers, there are 
polynomials h(t), g(t) in Z[t] so that (1 + t + . . . + t’- ‘) h(t) = 1 + 
(1+t+ ... + t”-‘)g(t). 
ProoJ Since r and s are relatively prime, there are integers a and b with 
ra + sb= 1. In Z[t]/(l + t + ... + ts-‘), 
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since t’” = t. Therefore 
c ) $+ *(l+t+ a** + f--l)= 1 + g(t)(l + t + ... + P) 
for some integral polynomial g(t). 
We now construct some H” exact sequences which together with 
Corollary 3.8 are used to calculate g0 dimension. 
THEOREM 4.5. Let M be a 2-freef.g. Z[Z,] module. Then for any m ( n 
the sequence 0 + M(lm) + M + M/M(lm) + 0 is If’ exact. 
ProoJ Let M, = M/MCfm). Then M, is Z-free, and [x] E Ml” if and only 
if (tk - l)(t” - 1) = 0. Let l(t) be the least common multiple of tk - 1 and 
tm - 1. Thus I(t) = (d(t))‘h(t), where d(t) is the greatest common divisor of 
tk - 1 and tm - 1. We claim then that [x] E M(ik) o Z(t) . x = 0. This follows 
directly if we can show that d(t)y = 0 o (d(t))2y = 0. Let q(t) = t” - l/d(t). 
Then since d(t) and q(t) are relatively prime there are integral polynomials 
u(t) and b(t) so that a(t) d(t) + b(t) q(f) = N with 0 #NE Z. Therefore 
a(t)(d(t))2 + b(t)(t” - 1) = Nd(t), and for any y E M, Nd(t)y = a(t) d2(t)y. 
Therefore since M, is torsion free d(t)2y = 0 o d(y) = 0. 
Now given [x] E Mfk’, we have Z(t)x = 0, where l(t) is the least common 
multiple of tk- 1 and tm- 1. Let & 1 =tdkl- 1 = 
(td - l)(l + td + . . . + (td)kl-‘) and tm - 1 = tdml - 1 = (td - l)(l + td + a.. 
+ (td)“, -’ ), where k = dk,, and m = dm, with k, and m, relatively prime. By 
Lemma 4.3, there are polynomials h(td), g(td) so that 
g(t”)(l + td+ . . . + (td)“‘-‘)= 1 + h(td)(l + td+ ..a + (td)k’-l). (4.6) 
Let z1 = g(td)(l + td + ..’ + (tdyqx and z2 = h(td)(l + td + ..a + 
(td)kl-‘)x. Then by (4.6), z, = x + z2, and zi E tif9, z2 E M(lm) since 
l(t)x = 0. Therefore [x] = [z,] with [zi] E Im tit”‘), and the sequence is l? 
exact. 
We now calculate the g0 and g1 dimension of Z[Z,] modules. 
THEOREM 4.7. For any Z-freef.g. Z[Z,] module M, qO-dim(M) < 1. 
Proof. Let n = p;‘pp . . . pp and e(n) = e, + e, + . . . + ek. We prove the 
theorem by induction on e(n). 
e(n) = 1: In this case n is prime and by Reiner’s Theorem (see [7]), 
M = P @ Zk @A, where P is projective and A is a Z[&] module. By 
Theorem 4.1, there is an exact sequence 0 + P, -+ P, -+ A -+ 0 with P, and P, 
g0 modules. Therefore 0 + P, + P @ Zk @ P, -+ P @ Zk @ A + 0 is @ exact, 
and %$dim(M) < 1. 
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rar+ 1: Let n = p:’ . . . p? with e(n) = r + 1. Then e(m,) = r, where 
mi = n/p, i = l,..., k. Given a Z-free f.g. Z[Z,] module M, the following 
sequences are Ho exact: 
where 
Since each M’,‘?/ is a Z-free f.g. Z[Z,,J module, lab-dim(Mp’“f) < 1 by the 
inductive assumption. In addition, Mk is a Z[&] module by Theorem 4.1 and 
thus has gO-dimension = 1. Therefore by successive applications of 
Corollary 3.8 starting with the last exact sequence, we obtain go-dim(M) < 1. 
COROLLARY 4.8. For any Jg. Z[Z,] module M, go-dim(M) < 1. 
ProoJ: gz = 5F1 for Z[Z,] modules by the previous theorem and the 
argument in Theorem 2.6. Therefore by Theorem 2.6, for any f.g. module A, 
there is an exact sequence O+ P+ Q -+ A --) 0 with P and Q g, modules. 
Choose Q’ so that Q @ Q’ = S is a permutation module. Then adding Q’ to 
P and Q we obtain an exact sequence O-+P, -+ S-A -+O with P, a $9, 
module and S a permutation module. Now given M a f.g. module, we have 
an exact sequence 0 + P, + S + M + 0, and by Theorem 4.7 and the above 
remarks there is an exact sequence 0 + P; + S, + P, -+ 0 with Pi a ‘2;b 
module. Therefore P’, @P, = S,, and adding P: to P, and S we obtain a g0 
resolution 0 + S, + S @ P’, + M + 0. 
We summarize the results of this paper for G = Z, as follows: Let M be a 
f.g. Z[Z,] module then: 
(a) There is an exact sequence 0 + P --) Q -+ M + 0 with P and Q sums 
of projective Z[Z,] modules k ( n. 
(b) Given O+P-+Q-+M-+O and O-+P’+Q’-M+O as above, 
P @ Q’ ‘v P’ @ Q. 
(c) If M is torsion free, M is a summand of a permutation module u 
H’(H; M) = 0 for all H c Z, . 
In addition, a nilpotent group G is cyclic o (a) or (c) holds. We will use 
these results in a subsequent paper to show that G,(Z[Z,]) is isomorphic to 
the abelian group with generators f.g. projective Z[Z,] modules k 1 n, and 
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relations .Z(- l)‘P, = 0 for each exact sequence 0 -+ P, + P, _ I + . . . -+ P, -+ 0, 
where Pi is a sum of projective Z[Z,] modules. 
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